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SUBELLIPTIC ESTIMATES FOR THE 3-NEUMANN
PROBLEM FOR n — 1 FORMS

LOP-HING HO

ABSTRACT. In this note we deal with the problem of the subelliptic estimates
of the §-Neumann problem on nonpseudoconvex domains. In the first part we
give a necessary condition for n—1 forms in a class of domains. In the second
part we give the exact estimate for a class of domains where the Levi form of a
vector field L is bounded below by a certain function.

1. INTRODUCTION

Let Q be a domain in C". We say that a subelliptic estimate of order ¢
holds at x, € Q for (p, g) forms if there is a neighborhood U of x,, C >0,
0 <& <1 such that

= =* 2 2
lllll; < CUBul® + 18" ul’® + lull®)

for all (p, q) forms u € Dom(3") with coefficients supported in UNQ.

The existence of subelliptic estimates has important applications in the
boundary regularity of solutions of (39" + 9 d)u = f. A lot of work has
been done on subelliptic estimates for pseudoconvex domains. (See [1, 2, 5 and
6].) On nonpseudoconvex domains the case ¢ = % is completely settled. (See
[3, 4, and 5].) For ¢ < % we proved in [4] that if there is a holomorphic vector
field L whose Levi-form is nonnegative and L is finite type at x,, then there
is a subelliptic estimate at x, for n — 1 forms.

Now consider the domain defined by

Q= {r(z) <0: r(z) = 2Re z, — |2, 2,]* +|2,|°}.

The vector field L = zlaizl - 226—32—2 + 3|22|66"73 (which degenerates at the
origin) has a nonnegative Levi form near z = 0. We will prove in Theorem 2.1
that this domain does not have a subelliptic estimate for 2 forms at z=0. In
§3 we prove that in some domains if L is of type m at x,, then a subelliptic
estimate of order ¢ = & holds at x, for n — 1 forms.
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2. NECESSARY CONDITIONS FOR SUBELLIPTIC ESTIMATES FOR n — 1 FORMS

Theorem 2.1. Let Q = {z € C":r(z) < 0,r € C* near the origin} be a
domain in C", and there are positive integers p, 1<p<n-1, m and m,,
k=p+1,...,n—1 such that

(1) r(z)=2Rezn+0(|z| ),
(i) if la+ 8|22, a,=p,=0 and

o, + oo+
kﬂk+ kﬁk<l

m
T m k=p+1 k

M=

=~
]

then Djpgr(O) =0.
(i) Set p(z,y, -, ) ¥, D"D"r(O) ZZ° where the sum is taken

B;

over (a, B) with for j=1, p, n and with
nz_l yth
k=p+1 My

Then there is a positive constant C such that

n—1
m
p(zerl yeens 2, )< =C Z |z |7
k=p+1

Then if a subelliptic estimate of order € holds for n — 1 forms near the origin,
then e < L.

Denote z' = (2155 2,), 2" = (Zy41> - Z,_,) - To prove the theorem,
we need the following lemma.

Lemma 2.2. With the same assumptions as in Theorem 2.1, there is a polyno-
mial p, and a function p, smooth near the origin such that
(2.1) r(z) =2Rez, + p(z") + p,(z', 2") + py(2)

with the following properties:
(a) Givenany ¢ > 0, thereisa ¢ € C;° (R) such that the following holds for all

! " 1 1
t>0 when (z', 2") € supp{p(t7m x))p(tmy,)-- ¢(tmyp)¢( )90}
@) loy(2', 2" < e(=p(") + 1),
(i) [0p,/92,(z', 2] < erm(~p(2") + 1),
(lll) |3p2/62|| < e(lznl + Ipl + _}) )
(b) There is a smooth function x such that
(i) Rex = ip,,
(i) 2% =0(z,)).
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Proof. Let M = max
up to order M. Let

ax,, <i<n—1{M, m;}. We expand the Taylor series of r(z)

a—ﬂ
pE 2= 3 DIDEO) g~ p(2)
laI++I/;I<31

and p,(z)=r—2Rez, - p-p,.
Then we have

r=2Rez, +p+p +p,
as required.

To prove (a) (i), let z*%% be a term in p, - We separate the proof into two
cases:

Casel. |d'+f'|=0
In this case we must have Zk;; +1(ag + B;)/m, > 1. Hence there are real
numbers a, > 0 with Ek —p+1%/m =1 and a >0 such that

n—1
Iza?ﬂl .<_ Izl/'a H (lzklmk)ak/mk

k=p+1
" n—1 a
a m
<12 320 SElz ™ <e(-p)
k= k
=p+1

for z” € supp{o(x p+l (ypH)---q)(yn_l)} when supp ¢ is small enough. Note
that we have used the inequality

@;
[[af <3 g
where @, >0, a; >0 and ) o; =1 in line 2 above.

Case2. o' + B'|#0.
We assume that

p n—1
a; + ﬂi + Z a; + B
i=1 i=p+1 i

since the case

p n-—1
a;+pB; a;+B;
,2_; —+ Z —l> 1

follows immediately.
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Now using the inequality in Case 1 again, we have

-1
a_p z 1m_ i+ ] Um; joi+Bi —(3 0 (a+B)/m+Y ' (o +B,)/m;)
lZ V4 l = H It zil H |[ Zi| t i=1 p+1

i=1 i=p+1

n—1
+ ) -
se(Z amﬂ‘lt”’" | '+1)t :

i=p+1 i

n-1 1
<Cel > Iz/"+ n

i=p+1

for z e supp{p(t"/™x,) - o(t l/my,,)¢’( X)) 0,1}

Combining these two cases, we see that for some ¢ € C§° (R) we have
lp (2, 2") < e(-p(z") + 1).

For (a)(ii) we note that if the power in «, is decreased by 1, then the power
of ¢t will be increased by # . The same argument goes through as in (i).

To prove (a)(iii) we need to observe the fact that p, consists of terms which
involve z, or which are of order M+1 in (z', z"). Again we use the argument
in the proof of (i) and we are done.

For (b), we note that

z +0p2

i —
2= 0z,

Z,+A(z)

n

pZ(Z) = az 0
z,=

where 4 is a sum of terms of order 2 in z, and order M +1 in (z', z"). Now
we set x(z) =8p,/8z,|, _o+ 34(2), then (i) and (ii) follows immediately.

Proof of Theorem 2.1. Define vector fields
0 0

L=r —_r 2, 1<i<n-1,
! %oz, znc’)zi
1 0
L"=r_az
z, n
Let w,, w,,...,w, be (1,0) forms dual to L,,...,L,. Define a se-

quence of n — 1 forms
Us=(z,+p+p +x-H7'®2)@, AG, A NB,
where p,, x are the same as in Lemma 2.2, g is a fixed large positive number

and ®(z) = p(t'""x)p(t"/"y,) - 01"y )0(%,, ) 0(V,_)0(X,)0(D,) -
To show that U, is well deﬁned we observe that

1 r—-p—p, — 1 1
Re<2n+p+p,+x—7) =———p2m—p2+p+pl+§p2—7
_rteptp 1
= 5 t<0

for z € supp® in view of Lemma 2.2.
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We will use U, to denote the function as well as the » — 1 form from now
on. Clearly

=102 o mE 72 2 2 2 07 2 2
IBUN"+ 10 Ul + IUI" = IL U™ + - + Ly U™ + LU + U
As in the proof of Theorem 3.1 in [4], we estimate the order of ¢ in |||U,|||f

and in [|BU,|* + 13" U,|I* + ||U,|1*, thus forcing & < L.
Denote ¥ =z, +p+p+x—1,then

_ Bx —q—1 —q oP

(2.2) LU, = ar, (1 + _82") Yo+ rzl‘P _an
3/71 6)( —gq—1 1/m — o *
+ar, <—le + 621) ¥Y© o-¢ rzn‘l’ P

where ®" = 0 outside supp®.
We first estimate

2
r, |

2
I=/ ®(z)dx,dy,---dy,.
len+p+pl+x_%|24+2 () 1 1 n

Consider the new coordinates (x,,...,¥,_,,’,Y,) where

1
Yn=Im(zn+p+p1+x—7>

z,=0

For z € supp®, we have
OXyseees Ypoys 15 Y) _ or,Y,)
a(xl"‘°,yn-|’xn’yn) a(xn’yn)

dp
=yn+Im(5—2

n

24902 1y 9P
ox, oz, z,=0
0p 1 +Re op,
0y, 0z, 2,=0

~ 1.
Moreover using the implicit function theorem on (2.1) we may see that

SEATATH
and

+0((2', 2")|(Ir| +1Y,,])) + terms of order M + 1 in (2, z")

)

n=TH Im(8p,/82,|, o) (Y,, ) (Re 0z

n

Hence using Lemma 2.2, we get

2,1 < C(rl + 1ol + 1Y, + 1)
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Now op, 8 )
il p2 < 1/m -
Ir, | = 7z, + 5= 3z, Ct (|r|+|p|+|Yn|+ t)
using (a)(ii), (iii) of Lemma 2.2 and the above inequality.
Hence
rl+1pl+1Y,|+14
r<cam [ Uitlel+ 1% il ®*(z)dx,---dy,_ drdy,.

a|lr+4-1p +Y,f|"
By a change of variables

we get
7 5 1M | F 2
ISCtzq 2+_2 E-pnm / / / lr|+zlz,~|m‘:—|Yn~|+l)
oo |+ 4124+ T1
x 2 (%)0 () 0" (9,)d%, ...dP,_,d?dY,.

It is not hard to see that the mtegral on the right-hand side is finite and hence
29— 2+—2 E

we have I < Ct
For the third term in (2.2), we use (a)(ii) of Lemma 2.2 and the fact that
ox

9z, Z

i=p+1 m

= 0(|z,|) + terms of order M in (z', 2"

we get

< =}.
3z, +o z, Ct |r|+|p|+|Yn|+t
Again we have the L*-norm of the third term of equation (2.2) is less than

2— 22
Ctzq -2+ E_M m

For the second and the fourth term in (2.2) we only need to use the fact that
|rzl| <1 and |r, | < 1. Thus we get

_E 2
(2.3) ILUJE < cA L,

Obviously (2.3) holds when the L, in the left-hand side is replaced by L,
i=2,3,...,p. Now

BU oy,

LU= p+naz n62p+1
_ dx —q-1 -q8<D
=-aqr, (l+azn)‘lf Q+r, ¥ 5z,

0 —g— _
+qrz"<aap 4+ 9P Ox )\P" ‘o1, ¢’ o0
1 n

Z,0 ,6zp+l 0z a0z

p+ p+1
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The L*-norms of the second and the fourth terms are estimated in the same
way as above. Now we calculate the sum of the first and the third terms. Using

(2.1) we get
ox \ _ dp op, ox
rzp+| (1 + azn) rzn <6zp+l + sz“ + azp_H
(08, 0P 3/’ 14 92
0z, 6zp+1 0z,, 0z,
i} 0
(2.4) -.(1+ ”2) % ”1-+ Ox
0z, 0z, 3Zp+l 0z,

_ (20, on, )<ax _6p2>
8zp+1 6217+l dz, 0z

n

+ 20 <1 6x) Ox <1+apz>.
sz+l 0z, 3zp+1 o0z,

From the definition of x in Lemma 2, we see that dx/9z, — 0p,/9z, is
the sum of terms of order 1 in z, or order M in (Z', z"). 8p,/8z,, and
8x/92,,, arealso the sums of terms of order 1 in z, ororder M in (', 2").

Hence the absolute value of the term in (2.4) is bounded by C(|z,|+|p|+1)
We can proceed in the same way as in the computation of I and we get

2q-2+ 2y

IL,U|* < Ct m i=p+1,...,n-1

Next,

From (b) of Lemma 2.3, 0x/08Z, = O(|z,|) and it is easy to see that we get

2p— 2+—2 E_Mm

IZ,UI* < Ct
Similarly,
T st e >
Combining all these estimates we finally get

_ 2—22_ n—1 l
2q-2+ m 2i=p+l m,..

— 2 =
(2.5) 1BU + 13" U + U < Ct

We proceed to find a lower bound for |||U,|||Z. We introduce coordinates
(Xyseees Xy s Va1 Vys 1), and let (¢,,¢,,...,¢,,_,) be the Fourier trans-
form variable dual to (x,,...,¥y,_,,»,) Wwhich are the tangential directions.
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0 ~
o= [ [+ RAI0E. i dear

2e
> / &, |

x (0(t"x) - 0"y )0 (x, 0 1)+ 0W,_ 1)) dEy,_ drdix, - dy, |

where x, is a function of (x,,...,¥,_;,¥,,7).
By a change of variables

2
l i
/ R Ran-ng(x Yo (y,) dY,
q

1<i<lp,

p+1<is<n-1,

. : $on— N
Jo=ty,, &, = ';‘, and F=tr

we get
2g—2+2
NUJE > 75 " Z'-P“'”I

2

~

where
/ Aqe"f’"“y” (x,)o (y ) dy,

2
= [t
.

X (@(X)) - @(F)o(t M1 X, 1)
.
(8~ j}n-l))z as,,_, dfdx dyp ---dy,_,.

The function A inside the integral satisfies that for fixed (2', ", &, |, 7), if
1 1

(2, 2") € supp{o(%,)-- (P, o(t "1 %,,,) - @(t™-15,_)}, then as ¢ —
oo we have

AE Ly R -+ —1+ip, +r(d, 5"

where |y(2', 2")| < é(-p + 1) for some small 6.
Hence as ¢ — co by the Dominated Convergence Theorem

1 i ¥ .
[ e e (%) o,
1

_iEZn—Iﬁn 3
e dy,.
G+§-1+r+ip,)* Vn

By Fatou’s lemma we have
2

1 —i&y_ T e
_ e n-— nd
/(f+§—1+i}7n+r)" Y

liminf I, > / &,

x (p(%,) - 0(9,) d&,,_, did%, dy, ---dy,_,

>C>0.
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Hence
2¢—2+42
”lUtlll > Ct amarses m zl—pﬂ m;

for infinitely many ¢°s.
Combining this with (2.5), we have

2q—-2+2 — 2 —
c Tl <2 < cqauy,| +||a Ul + 11Ul
29— 2+—2—2

i=p+1 m

<Gyt

Thus & < = . This finishes the proof.

i
Corollary 2.3. There exist domains Q,, Q, and Q, in C* such that

(i) Q, € Q, CQ, near the origin;
(ii) a subelliptic estimate for 2-forms holds for Q, and Q, at z=0;
(iii) there is no subelliptic estimate for 2-forms for Q, .

Proof. Let
Q, = {r(z) <0: 7(z) = 2Re z, +|2,|*},
Q, = {r(z) <0: r(z) = 2Re z, - |z,|* +2,*}.

Then Q, and Q, both have a subelliptic estimate for 2-forms at z = 0. Let
Q,={r(z) <0:r(z) =2Rez; - |2122|2 + |22|4} . Then clearly Q, € Q, C Q,.
At (6,0,0) € bQ,, from Theorem 2.1, there is no subelliptic estimate for
2-forms. Hence there is no subelliptic estimate for 2-forms at z =0 for Q, .

Remark. We also note that for the domain

4

Q={r(z) <0:r(z) =2Rezy +|z,| '}
there is a subelliptic estimate at z = 0, but the domains
2 4
Q,, = {r(z) <0: r(z): 2Rez; — |2 z,|" +|2,|"}
(which are small perturbations of ) there is no subelliptic estimate at z = 0.
3. EXACT ESTIMATE FOR (n — 1) FORMS IN SOME DOMAINS

Kohn showed in [6] that if a domain Q is pseudoconvex and x, € bQ is
of reg0""'(x,) = m, then an exact estimate of & = + holds at x, for n—1
forms. Catlin [2] developed a technique by using Hormander’s estimate [5] with
weight function to give sufficient conditions for subelliptic estimates.

Consider the nonpseudoconvex domain defined by

2 4
r=2Rez;—|z,|" +]|z,| .

In [4] we showed that a subelliptic estimate holds at z, = 0 for 2-forms, and
using Proposition 3.2 of [4] (or Theorem 2.1 of this paper) we know that ¢ < .
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Adapting Catlin’s technique in [2] to nonpseudoconvex domains we show in the
following theorem that we actually have a subelliptic estimate of order ¢ = %
at z =0 for this domain.

Theorem 3.1. Suppose Q = {z: r(z) < 0} and that near the origin there exist a
smooth nonvanishing tangential vector field L and a real smooth function ¢ on
bQ such that Lp(0) #0 and

88r(L, I) > Clo(z)|"

for z € bQ for some C > 0 and some even integer m. Then a subelliptic
estimate of order € = #5 holds for n — 1 forms near the origin.

To prove the theorem, we need an integration by parts lemma which involves
a weight function. Let ¢ be a real C>-functionon Q,and u a (0, n—1) form
in Q, then we define

2 2 -9
Il = [ jue™ av.
Q

Let L,,..., L, be C* vector fields with values in "%, and L,..,L
be tangential to bQ.

n—1

Lemma 3.2. Let Q be a domain in C" with smooth boundary, L € T"°(bQ),
ue Cy(Q) and 9 € CX(Q). Then

Ll = | Zul? + /b e s+ /Q (TLo)[ule™® dV

- /n \Lol*lul’e™® dV + 2Re((Lu)(Tp)e™ , u) + (fu)(Ly), ue™)

+(g(Lu)e™ ", u) + (h(Lu)e™® , u) + (Du)e™? , u)

where A = (88r, LAL), f,g,he C°(Q) and
n _ n—1
D= zla,.L,.+ZlbjL,
i= j=

where the a, ’s and b ; ’s are smooth functions.

Proof. We will repeatedly use the formula

(Lu,v)=—(u, Lv) + (u, gv), LeT"°bQ),

where g is smoothin UNQ.
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ILully = ((Lu)e™ , Lu)
= — (L((Lw)e™®), u) + (g(Lu)e™? , u)
= — ((LLw)e™’, u) — (Lu)(Le™’), u) + (g(Lu)e™’ , u)
= - <([Z’ L]u)e_¢ ’ u) - ((Lzu)e_¢ s u)
+((Lu)(Tp)e™, u) + (g(Lu)e™" , u)
- / Aule™ dS + (Du)e™ , u) — (L(Tu)e™), u)
bQ
—((Zu)(Lo)e™?, u) + (Lu)(Lp)e™?, u) + (g(Lu)e”* , u)
= /m MulPe™® dS + (Tu)e™®, Tu) + (h(Tu)e™®, u) — (Tu)(Lo)e™®, u)
+(Lu)Tp)e™ , u) + (g(Lu)e® , u) +((Due™, u)
= ||Zu||j,+ / MulPe™®dS — (L(uLy), ue™®) + (uLLyp, ue™®)
bQ
+((Lu)(Tp)e™®, u) + (g(Lu)e™?, u) + (h(Tu)e™?, u) + (Du)e™?, u)
= |IZull} + /b . Aul’e™ dS + (uLg, L(ue™®)) + ((fu)(Lo), ue”®)
+(uLLg, ue™®) + ((Lu)(Tp)e™?, u) + (g(Lu)e™" , u)
+ (h(Tu)e™®, u) + (Du)e™?, u)
= ||Zu||i +/ Alulze"'p dS - (uLg, u(Lg)e ®) + (uLg, (Lu)e”*)
bQ
+ (uLLg, ue”®) + ((Lu)(Lp)e™? , u) + ((fu)(Lp), ue™*)
+(g(Lwe™?, u) + (hW(Lu)e™®, u) + (Du)e™? , u)
= | Tul? + /b Q/1|u|2e“”arS+ /Q (ILp)ufe™® dV - /ﬂ \LolPlul’e™® dV
+ 2Re((Lu)(Lo)e™" , u) + ((fu)(Lp), ue™®) + (g(Lu)e™*, u)
+ (h(Zu)e™®, u) + (Dw)e™?, u).

From Lemma 3.2, we easily get

Corollary 3.3. With the same notations as in Lemma 3.2, given e>0, there
exists a neighborhood U of x, € bQ such that when u € Cy°(UNQ), we have

2Ll > %Ilfull:,+ / Aufe™ ds + / (LLo)|ufe™ dV
bQ Q

n—-1
-3 /‘2 Lo’ lul’e™* dV —e (Z ILull; + uZnuuZ,) — O(llull,)’.
i=1

Proof of Theorem 3.1. We choose vector fields L,, ..., L, ,, L, with L; tan-
gential, i=1,2,...,n—-1 and L, = L in the theorem. Let w,, ..., w, be
(1,0) forms dualto L, ..., L, andlet u € D?,’”"' where the size of U will
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be chosen later. We may assume that
U=Up O NTDyA--AND,_,.

Again we will use u to denote the n — 1 form and the function u,, ,_,.
Clearly

02 L A2 2 2 2, 0T a2
loull” + 110" ull” ~ [|Lyull” + | Lyull™ + - - + 1L,y 2ll” + | Lyl

and
2 2
ILull, = IILu

if ¢ is both bounded above and below.

If ¢(0) # 0, clearly a subelliptic estimate of order ¢ = % holds at the origin
and conclusion follows. With a change of coordinates we may assume that
¢(z) = x, . For the sake of convenience we let m =2p — 2.

By Corollary 3.3 there exists a neighborhood U of x;, = 0 such that when
ueCy(UNQ)
2.1~ 2 2p-2, 2 —¢
2Ll > 5Tl +const/bQ I, 222~ dS
(3.1) +/}Zgﬁmmﬁf”dV-3/}Lmﬁmﬁé”dV
Q Q
2 2w 2 2
—&e(ILyully + -+ + 1L,y ull, + 1L, ull,) = OClull,).

Let v = cu(2“”|xl|2) where u € C*(R) satisfies
x, 0<x<3,
ﬂ(x)_{O, x>2,
|W(x))<N and |u"(x)|<N forsome N >0,

and ¢ is some positive number to be chosen later.
If we define ¢ = e¥ where M is a constant so that M > 3@ for all
z, then ¢ is clearly bounded above and below. Now

- 1 — 2

L1L1¢ = H((Lllqv/)ew + |L1'//| eW),
2 1 2 2y

L = —|L e

|L, 9l le Wl

and

- k 1 2 - k 2
L,Lyy=c2""" (Lx, +x,T,Lx)u' 2" x,")

2k/p+2 2.

2 k 2
+ 2 x PIL o P2 ).

When the neighborhood U is small enough, we have

- k k 2 2k 2 k 2
LLyy > ¢, (27 W @ P 1x, ) + 2771, P (2% 1, ).
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Then (3.1) gives
2 1= 2 20-2, 2 —
(3.2) 2|Lyully 2 5IIT,ull, + const /b l " lule™* ds
1 7 2 v _—¢
+ﬁ/9(L|L1V’)|“| ee’dV
2 2 - 2 2
—e(ILyull, + - + 1L, ully, + IL,ull,) — Olull,)
const <||Zlu||2+ / b, 1?2 |ul* dS + / (Z,L,w)|u|2dV>
Q- Q
2 2 - 2 2
—&(ILyull” + -+ + 1L,y ull” + 1L, ll") — O(llull")
const (llflull2 +/ b, 1?7 \ul’ S
bQ
+ cl/(2k/”,u'+22k/p|x1|2,u")|u|2dV)
Q

2 2 T2 2
—&(|ILyull” + -+ + |L,_yull” + ILul") — O(llull").
Let the tangential Fourier transform variable be ¢ = (¢,,¢,,..., &, ).
Assuming #(£) is supported in 2k-2 <l < 2 , then

/m |x,|2”‘2|u|2ars=/bQ )’ ds

\%}

v

2,1/2, _p=1_,2 2 2 = 2 2
2/9(1+|f| )/Ixf ul"dV — |Lyull” —--- = |IL,_ull” = | L,ull” = lul
k -1 .2 2 2 2 2
> const 2 [ b ul @V — Ll = = Ll - T -

Putting this into (3.2), we get
(3.3)

L ul* > const (||Z,u||2+ /Q (2k|x1|2p_2+(:12k/”;t'+c122k/”|x1|2,u")|u|2dV>
2 2 - 2 2
= (ILyull™ + -+ + ||L,_yull” + L ull” + llull).
Consider the function
k 2p-2 k 1,k 2 2k 2 k 2
f(zy) =25, P70 4 ¢ 27 QP 1) + € 27, 1P (25 ).

Case 1. |x,|* < 277,

In this case 4’ = 1 and " =0, hence f(x,) > const2*/?.

Case2. 327%7 <|x, 2 <227/,
In this case |c, 274’ + ¢,2*/7|x,|*u"| < 3¢, N2*/” . If we choose ¢ so that
¢ = 3%22'2” , then f(x,) > const okle

Case 3. |x,|> > 227",
In this case 4’ = u” = 0, hence f(x,) > const2*/7.
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We conclude that f(x,) > const 27 for all x, . Putting this into (3.3) we
have when supp is in 2872 < |¢| < 2%,

IL,ul* > const (||f1u||2+ / 2Py av
(3-4) Q2 2 2 2
= (NLyull” + - + | Ly ull™ + | L ull” + [ul) )

Define a function x, € C*(R) which satisfies

(1) 0<x <1,
(i)
1, 0<x<3,
XO(X)_{O, x21,

and define x,, k=1, 2,..., asfollows:

Then Y ;> x, = | and the operator {,u =% ~'(x,#) is a pseudodifferential
operator of order 0, uniformly in k. Clearly {,u is supported in 2k-2 <Kl <
2* . Hence

sy = [[ (1410 1ace, r)* der
const Y~ [ 1+ 16 P e, r* dédr
k=0

IA

< constz2k/"/ 1L u(x, r)*dv
k=0 Q

IN

const Y (1L, (5P + Ly (G)l” + -+
k=0

+ 1L,y (Gl + 1T, (eI + G l)

const Y (IB(&II” + 118" (Ge)l* + G,ull®)

k=0

const >_(I1¢Full” + 11,3"ull® + ¢ ul®)
k=0

IN

IA

- 2 =* 12 2
const(||dull” + (16" ull” + |lull")

<

where we used (3.4) in line 4 and the following lemma in line 6.
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Lemma 3.4. Let L =) a;0/0x; where a, are C* functions and {, be the
same as in Theorem 2.1, then

oo

2 2
D ML, &lull” < const||u]|”.
k=0

We refer the reader to Lemma 2.5 of [2] for the proof of this lemma.
Corollary 3.4. Let Q be a domain in C" defined by

{r(z) <0:r(z) = 2Re z, + 9(2,, ..., 2,_,) +2,|}

where ¢ is real and ¢ € C°°(C”'2). Then a subelliptic estimate of order

4
holds at z =0.
Proof. The vector field L=r, 8/0z —r, 8/3z, satisfies

8dr(L, L) > Clx,|* .

We get the conclusion by appling Theorem 3.1.
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