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SUBELLIPTIC ESTIMATES FOR THE «9-NEUMANN
PROBLEM FOR n - 1 FORMS

LOP-HING HO

Abstract. In this note we deal with the problem of the subelliptic estimates

of the 9-Neumann problem on nonpseudoconvex domains. In the first part we

give a necessary condition for n - 1 forms in a class of domains. In the second

part we give the exact estimate for a class of domains where the Levi form of a

vector field L is bounded below by a certain function.

1. INTRODUCTION

Let Q, be a domain in C" . We say that a subelliptic estimate of order e

holds at x0 e Q. for (p, q) forms if there is a neighborhood U of x0 , C > 0,

0 < e < 1 such that

|||w|||£2<C(||9m||2 + ||ô*m||2 + ||u||2)

for all (p, q) forms u e Dom(<9*) with coefficients supported in Unil.

The existence of subelliptic estimates has important applications in the

boundary regularity of solutions of (99 + d d)u = f. A lot of work has

been done on subelliptic estimates for pseudoconvex domains. (See [1,2, 5 and

6].) On nonpseudoconvex domains the case e = \ is completely settled. (See

[3, 4, and 5].) For e < \ we proved in [4] that if there is a holomorphic vector

field L whose Levi-form is nonnegative and L is finite type at x0 , then there
is a subelliptic estimate at x0 for n - 1 forms.

Now consider the domain defined by

Í2 = {r(z) < 0: r(z) = 2Rez3 - \zxz2\2 + \z2\6}.

The vector field L = zx-¿\— z2äz~ + 3|z2|6gy- (which degenerates at the

origin) has a nonnegative Levi form near z = 0. We will prove in Theorem 2.1

that this domain does not have a subelliptic estimate for 2 forms at z = 0. In

§3 we prove that in some domains if L is of type m at x0, then a subelliptic

estimate of order e = -^ holds at x0 for n - 1 forms.
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2. Necessary conditions for subelliptic estimates for n - 1 forms

Theorem 2.1. Let Q, = {z e Cn: r(z) < 0, r e C°° near the origin} be a

domain in Cn, and there are positive integers p, 1 <p<n- 1, m and mk,

k =p +1, ... , n- 1 such that

(i) r(z) = 2Rez„ + 0(|z|2),

(ii) if\a + ß\>2, an = j8„ = 0 and

y^°k±A+ y  ak + ßk c !

k=X k=p+X k

then DazDÍr(0) = 0.

(iii) Set p(zp+x, ... , zn_x) = ¿Za,ßD°DTriQ)0r where the sum is taken

over (a, ß) with aj = ßj = Oforj = l,...,p,n and with

y> °k + ßk     ,

Äi    m*

Then there is a positive constant C such that

n-X

Pizp+X,...,zn_x)<-C J2 \z '
k=p+X

k

Then if a subelliptic estimate of order s holds for n - 1 forms near the origin,

then e < ^ .

Denote z = izx, ... , z ) , z" = (zp+1, ..., zn_x). To prove the theorem,

we need the following lemma.

Lemma 2.2. With the same assumptions as in Theorem 2.1, there is a polyno-

mial px and a function p2 smooth near the origin such that

(2.1) r(z) = 2Rezn + p(z") + px(z',z") + p2(z)

with the following properties:

(a) Given any e > 0, there isa tp e C™(R) such that the following holds for all

i>0 when (z ,z ) e s\ior}{<p(t»>xx)<p(t»>yx) ■■■<p(tmyp)<p(xp+x)- --^OVi)} •

(i)  \pl(z,z")\<e(-p{z") + \),

(ii) \dpx/dzx(z',z")\<eà(-p(z") + \),

(iii) \dp2/dzx\<e(\zn\ + \p\ + \).

(b) There is a smooth function x stich that

(i) Kex= X2P2,

(Ü)  fc = 0(\zn\).
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Proof. Let M = max   x<i<n_x{m, m¡} . We expand the Taylor series of r(z)

up to order M. Let

a—ß
Z   ZH

px(z',z")=      £     D°Xr(0)^ - p(z")
\a\+\ß\<M P'
ocn+ß„=0

and p2(z) = r - 2 Re zn - p - px .

Then we have

r = 2 Re zn + p + px+ p2

as required.

To prove (a) (i), let za~zß be a term in px. We separate the proof into two

cases:

Case I.  \a +ß\ = 0
ist tiavp   V.

. n. i
=p+

In this case we must have J2l=p+xiak + ßk)lmk > * • Hence there are real

numbers ak > 0 with YllZl+x aklmk = J anc* a > 0 sucn mat

t=p+i

< z      >    — z.    * <e(-p)

for z" e s\iop{tp(xp+x)tp(yp+x). ■■ tp(yn_x)} when suppç» is small enough. Note

that we have used the inequality

where a, > 0, q( > 0 and £ a/ = ! in une 2 above.

Case 2.  \a + ß'\ # 0.
We assume that

Y°t + ßi , y* a.- + ft_i
^     m ¿-^     m,
i=i í=p+i       '

since the case

p ,   o n-1

¿aü+.gaü>,

follows immediately.

i=i i=p+i       '
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Now using the inequality in Case 1 again, we have

\zazß\ = f\\tl'mz.\a'+ß' "fi |il/m'Z|a'+^r(^-'(a'+/,')/m+^«(a'+/'')/mi)

1=1 i=p+X

f=p+X '

n-X

<Ce    El^r + 7t
k¡=p+i

for z e sxxoo{tp(tx/mxx) ■ ■ -(p(tl,myp)<p(xp+l) ■ ■ -<p(yH_x)}.

Combining these two cases, we see that for some <p e C~(R)  we have

\px(z',z")\<E(-p(z") + \).

For (a)(ii) we note that if the power in a, is decreased by 1, then the power

of t will be increased by A., The same argument goes through as in (i).

To prove (a) (iii) we need to observe the fact that p2 consists of terms which

involve zn or which are of order M+l in (z , z ). Again we use the argument

in the proof of (i) and we are done.

For (b), we note that

*« - a£ dp2
z„+ -¿±

"     i9z
z„=0 UZn

zn+X(z)
z =0

where X is a sum of terms of order 2 in zn and order Af+1 in (z , z"). Now

we set x(z) - dp2/dzn\z =0 + \X(z), then (i) and (ii) follows immediately.
n

Proof of Theorem 2.1. Define vector fields

L> = \Wn-\Jz-A        ^'S*-l,

L.      l    d

Let cox, co2, ... , con be (1,0)  forms dual to Lx, ... , Ln.   Define a se-

quence of n - 1 forms

Ut = (zn + p + px+x- \yq<&(z)Wx A W2 A • • • A œ^Tx

where px , / are the same as in Lemma 2.2, q is a fixed large positive number

and <D(z) = tp(tx/mxx)tp(tx/myx) • ■ • (p(txlmyp)tp(xp+x) ■ ■ ■ <p(yn_x)<p(xn)tp(yn).

To show that Ut is well defined, we observe that

/                            1\      r-p-px-p2 1 1
[zn + P + Px+X--¡)=-TJ- +P + Pi + 2p2~lRe
\ "    '     ' *    "     t ) i

r 4- n -t- n.
-<0r + P + Pj      1

2

for z G supp í> in view of Lemma 2.2.
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We will use Ut to denote the function as well as the n - 1 form from now

on. Clearly

\\dUtf + \\Tlftf + \\Utf « \\LxUt\\2 + ■■■ + \\Ln_xUt\\2 + \\LnUt\\2 + \\Ut\\2.

As in the proof of Theorem 3.1 in [4], we estimate the order of t in |||t/t|||e

and in \\duf + \\d*Utf + \\Ut\\2, thus forcing e < ± .
Denote *¥ = zn + p + p + x - \ , then

(2•2) ^t=-^\l + l^y^ + rz^d^n

where <P* = 0 outside supp <P.

We first estimate

-L -"-p3—j<P (z)dxxdyx-..dyn.

Consider the new coordinates (xx,... , yn_x, r, Yn) where

Yn = \m(zn + p + px+x--¡}

V.+H& z.=0

For z e suppO, we have

d(xx,...,yn_x,r,Yn) _ d(r,Yn)

d(xx,...,yn_x,xn,yn)     d(xn,yn)

2 + ?A      Im^
dx_ 9z„

z.=0

1+Re^
oz„9yn z.=0

« 1.

Moreover using the implicit function theorem on (2.1) we may see that

: r + P + Pi + 0(\(z , z")\(\r\ + \Yn\)) + terms of order M + 1 in (z , z")n

and

v  = l Y - í Re °£l
y»     l+hn(dp2/dzH\,^)y*     \Kedzn

Hence using Lemma 2.2, we get

\zn\<C(\r\ + \p\ + \Yn\ + \).

z.=0y
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Now
dp\     dp2

dzx     dzx
<CtXlm(\r\ + \p\ + \Yn\ + \

using (a)(ii), (iii) of Lemma 2.2 and the above inequality.

Hence

1\*
KCt 2/m LiV\ + \p\ + \Yn\ + \Y^

<D (z)dxx---dyn_xdrdyn.
In \\r+¿-\\2 + Y2\"

By a change of variables

l<i<P,

p + 1 < i < n - 1,

A/m
z^t1   z,.,

f = tr,     Y„ = tY„
n n

we get

/<ct2q-2+ « -n:;,i¡ r ...r f   ^+£i¿r+iyJ+lr
J-oo     J-ooJf=-oo      \\r+^-l\2 + Y2\q

x <P2ixx)<p2iyx) ■ ■ ■ <p2iyp)dxx... dyn_xdfdYn.

It is not hard to see that the integral on the right-hand side is finite and hence
i — ixA^AA2._ Y"*«-1   _2_

we have I <Ct9       m    2-"='+1 m¡ .

For the third term in (2.2), we use (a)(ii) of Lemma 2.2 and the fact that

-^- = 0(|z„|) + terms of order M in (z', z")
oz.

we get

^il + ÊA.
dzx      dzx

<CtX/m(\r\ + \p\ + \Y,
■J*}).-

■

Again we have the L -norm of the third term of equation (2.2) is less than

29-2+^2 -V""'    —
Cf m      ¿s:=p+t rni

For the second and the fourth term in (2.2) we only need to use the fact that

\r  | < 1 and \r  \ < 1. Thus we get

(2.3)
7      -,, ^~^P    y-Mi-1     2

\\Lxuti <cr     m   ¿-^•«1.

Obviously (2.3) holds when the Lx in the left-hand side is replaced by Li,

/' = 2, 3, ... , p . Now

L.,,U. = r
dU, dU,

P+X   '       zpa3z z»dz
p+1

= -?r.     +^«rr»¿;+.r. y-«00
/>+i \   ^z„y *        Zp+i *  dzn

(   dp dpx dx   \ „,-q-x^        ,„-<?   d<b
+ arz     /TT-+ *- + :»-*-M        <D-rzY 9-—

z» 19z.,,      öznJ,      oz„,, z*       oz'P+X 'p+X        "   P+X
P+X
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The L -norms of the second and the fourth terms are estimated in the same

way as above. Now we calculate the sum of the first and the third terms. Using

(2.1) we get

*.V       dzj      z»\dzp+x+dzp+x+dzp+x)

dp dpx        dp2

dzp+x     dzp+x     dzp+x^ ('«£)

(2.4) l + °£i\(j£- + -Ë£±+  d*
dzn)  \dZp+X       dZp+X       dzP+X.

dp    +   dP±_\ (dx_     dp.
dz„+,      dz„+,

k       p+X p+X

+ Ap^(l + ̂ )-J^(l + dP

(dx__dp1\
\dzn     9zJ

>)■
n /dZp+X   \ dZnJ        dZp+X   V 9Z

From the definition of / in Lemma 2, we see that dx/dzn - dp2/dzn is

the sum of terms of order 1 in zn or order M in (z , z"). dp2/dzp+x and

dx/dz   , are also the sums of terms of order 1 in zn or order M in (z , z").

Hence the absolute value of the term in (2.4) is bounded by C(|zJ-r-|/>|-t-j).

We can proceed in the same way as in the computation of / and we get

T   ..; , 2-2p     v^n-l     _2_

\\L¡Ut\\   <Ctq        m     ^+l mt ,        i=p+l,...,n-l.

Next,

Ib0--AJäi.=Sf|jL) ¡r-» -.!*-£.

From (b) of Lemma 2.3, dx/d~zn = 0(|zj) and it is easy to see that we get

\\LnUt\\   <Ct m    ¿"->+"»,.

Similarly,

7     ;, 2~2p _y-"i-i     2
||C/f||   < c? m p+1 '"''•

Combining all these estimates we finally get

(2.5) \\dlff + ||cTl/(||2 + HC/,112 < Ci2'"^^"^^' "I.

We proceed to find a lower bound for Wt/Jl^ . We introduce coordinates

(xx, ... , xn_x,yn_x,yn,r), and let (£,, £2, ..., £2n_[) be the Fourier trans-

form variable dual to (x,,..., y   ,, y ) which are trie tangential directions.
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> / Kta-il* 1/ ^-e-^-^tpixMyn) dyn

A/m A/m
x (tp(tl'mxx). ■ ■ <p(ti,myp)<p(xp+x) ■ ■ ■ <p(yn_x)YdÇ2n_x drdxx ■ ■ ■ dyn_x

where xn is a function of (xx, ... , yn_x ,yn,r).

By a change of variables

A/m
zt = t>  zv l<i<P,

ttt*tl,m,zt,       P + l<i<n-l,

yn = tyn y     4„-i =
^2n-X

2n-X ~       i and   f = tr

we get

where

2        29-2+26-%-J2n-\-2-r
* ~> t ' m    ¿~i,=p+i mi jm:**

¡t - / l^-il2£ |/ ^-^tp(xn)tp (&) dyn

i
x («»(*,) ••■ç»CPXi-m^'*_+1)---

<p(t-m»->yn_x)rdl;2n_xdrdxxdyx...dyn_x.

The function a inside the integral satisfies that for fixed (z , z", Ç2n_x, f), if

(z , z ) e supp{<p(xx)-..tp(yp)tp(t m'+>xp+x)■ ■ ■ tp(t m»->y„_1)}, then as t

oo we have

A(z , z  , v„ , r) -> § + f - 1 + /y„ + r(z , z )

where \y(z , z")\ < S(-p + 1) for some small ô .

Hence as t —y co by the Dominated Convergence Theorem

/*•"*

■'S(*> (y) ̂ „

1
/-»-i-^e'^-^'dp .

J  (L -L[2 + 2-l+r + iy-n)9

By Fatou's lemma we have

liminf/, > í \Í2n_x \2e  [ -i-
'   J   2n x   \J   4 + 4-1 + iy„ + r

-'Íln-An dK

x («»(*,)• • • «»(O rfi2#i-i ̂̂ i^r• • dK

>C>0.
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Hence

iiwii;>a*-2+2«-*-^4
for infinitely many t 's.

Combining this with (2.5), we have

C1/2,-2f2-S-££' k < HIC/JII2 < C(\\dUt\\2 + \\d*Ut\\2 + \\Ut\\2)
;        ;     2-2p_y^n-l      _2_

< C2t m    ¿"'=p+1 m..

Thus e < L , This finishes the proof.

Corollary 2.3. T/iere exz'sf domains Qx, Q2 arco" f23 in C   jmc/z í«aí

(i)   £2, ç Q2 ç Q3 «ear í«e origin;

(ii) a subelliptic estimate for 2-forms holds for Q, a«rf Q3 ai z = 0;

(iii) there is no subelliptic estimate for 2-forms for Q2.

Prao/. Let

Q, = {r(z)<0: r(z) = 2Rez3 + |z2|4},

ß3 = í/(z) < 0: r(z) = 2Rez3 - |z,|2 + |z2|4}.

Then ilx and Q3 both have a subelliptic estimate for 2-forms at z = 0. Let

Q2 = {r(z) < 0: r(z) = 2Rez3 - |z,z2|2 + |z2|4} . Then clearly Q, ç Q2 ç Q3.

At (¿,0,0) e bCl2, from Theorem 2.1, there is no subelliptic estimate for

2-forms. Hence there is no subelliptic estimate for 2-forms at z = 0 for Q2 .

Remark. We also note that for the domain

Í2 = {r(z) < 0: r(z) = 2Rez3 + |z2|4}

there is a subelliptic estimate at z = 0, but the domains

«m - {riz) < 0: r{z): 2Rez3 - \zmx z2\2 + |z2|4}

(which are small perturbations of Q) there is no subelliptic estimate at z = 0.

3. Exact estimate for (n - 1) forms in some domains

Kohn showed in [6] that if a domain Q is pseudoconvex and x0 e bQ. is

of regO"_1(x0) = m, then an exact estimate of e = A. holds at x0 for n - 1

forms. Catlin [2] developed a technique by using Hörmander's estimate [5] with

weight function to give sufficient conditions for subelliptic estimates.

Consider the nonpseudoconvex domain defined by

r = 2Rez3 - |z,|  + |z2| .

In [4] we showed that a subelliptic estimate holds at z0 = 0 for 2-forms, and

using Proposition 3.2 of [4] (or Theorem 2.1 of this paper) we know that e < 5 .
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Adapting Catlin's technique in [2] to nonpseudoconvex domains we show in the

following theorem that we actually have a subelliptic estimate of order e = \

at z = 0 for this domain.

Theorem 3.1. Suppose Q = {z: r(z) < 0} and that near the origin there exist a

smooth nonvanishing tangential vector field L and a real smooth function <p on

bQ such that Ltp(0) ̂  0 and

ddr(L,L)>C\(p(z)\m

for z e bQ. for some C > 0 and some even integer m.   Then a subelliptic
i

m+2estimate of order e = -W holds for n - 1 forms near the origin.

1
a weight function. Let tp be a real C -function on Q, and u a (0, n - 1 ) form

To prove the theorem, we need an integration by parts lemma which involves

weight function. Let

in Q, then we define

,1,0
Let Lx, ... , Ln be C    vector fields with values in T '   , and Lx, ... , Ln_x

be tangential to bQ.

Lemma 3.2. Let Q be a domain in C" with smooth boundary, L e Tx' (bQ),

u e C0°°(Q) and tp e C2(Q). Then

\\Lu\\2 = \\Lu\\2 + [  X\u\2e~vdS+ f (LLç)\u\2e~9 dV
9 v    Jbci Ja

- [ \L<p\2\u\2e~'1' dV + 2Re((Lu)(Ltp)e~9 , u) + ((fu)(Ltp), ue~9)
Ja

+ (g(Lu)e~9 , u) + (h(Lu)e~9, u) + ((Du)e~v , u)

where X = (ddr, L A L), f,g,heC°°'ä) and

n n—X

D = YaZi + YbiLi
¿s  '   i    ¿-~i  j  j

where the a, 's and b, 's are smooth functions.

Proof. We will repeatedly use the formula

-i,o.
(Lu, v) = -(u, Lv) + (u,gv),        Le T '"(bQ),

where g is smooth in U xxQ.
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\\Lu\\l = ((Lu)e-*,Lu)

= - (L((Lu)e~9), u) + (g(Lu)e-f, u)

= - ((LLu)e~ç, u) - ((Lu)(Le~9) , u) + (g(Lu)e~'1', u)

= -(([L,L]u)e-\u)-((LLu)e-\u)

+ ((Lu)(Ltp)e~'p, u) + (g(Lu)e~9 , u)

=  f X\u\2e~ç'dS + ((Du)e"p,u)-(L((Lu)e~'p),u)
Jba

-((Lu)(Ltp)e~'p, u) + ((Lu)(L(p)e~ç, u) + (g(Lu)e~ip, u)

= [  X\u\2e~*dS + ((Lu)e~\Lu) + (h(Lu)e~'l',u)-((Lu)(Ltp)e~9,u)
Jba

+ ((Lu)(Ltp)e~'p, u) + (g(Lu)e9, u) + ((Du)e~v , u)

= \\Lu\t + f  X\u\2e~9 dS - (L(uL(p), ue~9) + (uLLtp, ue~f)
9    Jba

+ ((Lu)(Ltp)e~'f, u) + (g(Lu)e~f , u) + (h(Lu)e~9, u) + ((Du)e~'p, u)

= \\Lu\\2 + f  X\u\2e~v dS + (uLtp, Hue-')) + ((fu)(Ltp), ue~f)
v    Jba

+ (uLLtp, ue~9) + ((Lu)(Ltp)e~ip, u) + (g(Lu)e~9, u)

+ (h(Lu)e~v , u) + ((Du)e~v , u)

= \\Lu\\2 + f  X\u\2e~p dS - (uLtp, u(Ltp)e~'p) + (uLtp, (Lu)e^)
9    Jba

+ (ULLtp, ue~ç) + ((Lu)(L(p)e"f, u) + ((fu)(Ltp), ue~v)

+ (g(Lu)e~v, u) + (h(Lu)e~f, u) + ((Du)e~v, u)

= ||Zh||2+ /  X\u\2e~'dS + I' (LL(p)\u\2e~f dV - f \Ltp\2\u\2e~9 dV
Jba Ja Ja

+ 2Re((Lu)(Ltp)e~9 , u) + ((fu)(L<p), ue~v) + (g(Lu)e~* , u)

+ (h(Lu)e~v, u) + ((Du)e~v, u).

From Lemma 3.2, we easily get

Corollary 3.3. With the same notations as in Lemma 3.2, given e > 0, there

exists a neighborhood U of x0e bQ such that when u e C™(Unil), we have

2\\Lu\\l > i||Ii/||; + j  X\u\ VdS + j(LL9)\u\2e~Uv

- 3 jf |I*|2|u| V dV - e T¿ |IA"llî + ¡Ml*, j - 0(||«||,)2.

Proof of Theorem 3.1. We choose vector fields Lx, ... , Ln_x, Ln with Li tan-

gential, i = 1, 2, ... , n- 1 and Lx= L in the theorem. Let tö,,..., ú>n be

(1,0) forms dual to Lx, ... , Ln and let u e D°'"_1 where the size of U will
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be chosen later. We may assume that

U = W12...„_!&>! A C02 A • •• /\C0n_x.

Again we will use u to denote the n - 1 form and the function w12 n_x.

Clearly

||Öw||2 + \\d*u\\2 « ||LlW||2 + ||L2M||2 + • • • + IIL^,«!!2 + ||I„m||2

and

IIMlJ « IIVII2
if tp is both bounded above and below.

If tp(0) t¿ 0, clearly a subelliptic estimate of order e = {■ holds at the origin

and conclusion follows. With a change of coordinates we may assume that

<p(z) = xx. For the sake of convenience we let m = 2p - 2.

By Corollary 3.3 there exists a neighborhood U of x0 = 0 such that when

M€C0°°(t/nIÎ)

,2 .    1,,-r .,„2   ,_.   f    ,     ,2p-2,,2-<,2||L,w||„ >-||L,m||,„ + const /    |x,|       \u\ e    dS
Iba

<p -  2"     1 -rwxxoi if    1*1
Jba

(3-1) + / (LxLxtp)\u\2e~9 dV-3 f \Lx<p\2\u\2e~9 dV
Ja Ja

- e(\\Lxu\\l + ■■■ + \\Ln_xu\\l + \\Lnu\\l) - 0(||«||J).

Let tp = cp(2k/p\xx\2) where peC°°(R) satisfies

, ,     f x,   0<x<$,
(0,    x > 2,

\p'(x)\<N   and   \p"(x)\<N   for some N >0,

and c is some positive number to be chosen later.

If we define tp = j¡ev where M is a constant so that M > 7>ev(z) for all

z, then tp is clearly bounded above and below. Now

L(/T    T     ...\~V     :     IT     .„l2„^

ATL\Li9 = T7^LxLxV)e   +lLi^l^

\L\<P\    =T72"lLl^l   e      :
M

and

LxLxy/ = c2k,p+X(\Lxxx\2 + xxLxLxxx)p'(2k,p\xx\2)

+ c22k'p+2\xx\2\Lxxx\2p'(2k'p\xx\2).

When the neighborhood U is small enough, we have

LxLxW>cx(2klpp'(2klp\xx\2) + 22klp\xx\2p''(2klp\xx\2)).
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Then (3.1) gives

(3.2)    2||LlM||2>^||L1w||2, +const |   \xl\2p-2\u\2e-f dS
iba

+ ±Ja(LxLx¥)\u\^e-*dV

-e(\\Lxu\\l + ■■■   ■ \\Ln_xu\\; + \\Lnu\\;) - 0(\\u\Q

' 'LxLxxp)\u\2e"/e-^

¡2   . .  „t „2   .   ,,-r     „2v      ~/„   „2,

> const C||L,M||2+ í   \xx\2p 2\u\2dS+ Í (LxLxy/)\u\2dv\

- s(\\Lxu\\2 + ■■■ + \\Ln_xu\\2 + \\Lnu\\2) - 0(\\u\\2)

> const (\\Lxu\\2+ [  \xx\2p~2\u\2 dS
\ Jba

Í I'A-lP   '   ,   i2k/p,     ,2   //,,   ,2 JT,
/ (2 ' p +2     \xx\ p )\u\ dV+ cx

- e(\\Lxu\\2 + •■■ + \\Ln_xu\\2 + \\Lnu\\2) - 0(\\u\\2).

Let the tangential Fourier transform variable be £ = (¿lx, <*2, ... , £2n_{)

Assuming û(Q is supported in 2 ~2 < |¿f| < 2k , then

>~x-ads/   \xx\ p   \u\ dS = I   |xf   u
Jba Jba

> f (1 + \H\2)xl2\xfxu\2dV - \\Lxu\?-ll^-^ll2 - III,,«
Ja

>const2   / |xf_1m| dV-\\Lxu
Ja

\2-\\u\\2

L„_lM||2-||LnM||2-||M||2.

Putting this into (3.2), we get

(3.3)

||L,M||2 > const (||LlM||2 + ¡ni2k\xx\2p-2 + cx2k/pp' + cx22k/p\xx\2p")\u\2dV^j

-(||LlM||2 + .-. + ||Ln_lM||2 + ||I„M||2 + ||M||2).

Consider the function

ri     \       ifci     \2p-2   ,       r,k/p   i,~.k/p,     ,2,   ,       ~>2k/p,     ,2   n,~,k/p,     ,2,
f(zx) = 2\xx\v    +cx2'yp(2lv\xx\) + cx2   lv\xx\ p (2 IP\xx\ ).

Case I.  \xx\2 < \2~k,p.

In this case p = 1 and p" = 0, hence f(xx ) > const 2klP .

Case 2.   \2~klp < |x,|2 < 2.2~*/p .

In this case \cx2k/pp + cx22k/p\xx\2p"\ < 3cxN2k/p . If we choose c so that

c, = 6T722"2' , then f(xx) > const2k/p .

Case 3.  pc,|2 > 2.2~*/p .

In this case pi = p" = 0, hence f(xx ) > const 2k/p .
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We conclude that f(xx) > const2k,p for all xx. Putting this into (3.3) we

have when suppw is in 2 ~2 < \Z\ < 2 ,

\\Lxuf > const ( Hi,«!!2 + / 2k/p\u\2dV
(3.4) V Ja

2 + -  • + II^_,M||2 + I|L„M||2 + ||M||)2)
'\"\X   -r       -t||^„_i'

Define a function x0 € C   (R) which satisfies

(i) 0 < Xo < 1,

(ii)
, ,     Í 1,    0<x<

X°{X)={0,   x>l,

and define #fc , & = 1, 2, ... , as follows:

Then YHk=o%k ~ ^ an(*tne °Perat°r Cku = &~   ixku) is a pseudodifferential
A:—2

operator of order 0, uniformly in k . Clearly Çku is supported in 2      < |<Ü| <

2k. Hence

l  ill2
lMWl/2p= JJ(l + \^\2)l/2pm,r)\2d^dr

< const £ //(l + |¿|2)1/2p|CfcH(¿, rtfdÇdr
k=0JJ

OO -

< const J22k/P / |Cfcw(x,r)|2i/F
k=o       Ja
OO

<const^(l|L,(C,«)||2 + ||L2(i/tM)||2 + .-.
fc=0

+iiL„_1(c^)ii2+iiLn(c^)n2+iic,Mir)

< const^(||a(C,M)||2 + ||ö*(C,«)||2 + ||Cfe«lf )
k=0
oo

< const£(IM«||2 + ||C,â*M||2 + HC^II2)
fc=0

< const(||fJw||2 + ||ö*M||2 + ||M||2)

where we used (3.4) in line 4 and the following lemma in line 6.

;
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Lemma 3.4. Let L = J^^d/dXj where ai are C°° functions and Çk be the

same as in Theorem 2.1, then
OO

2_J|[L, Çk]u\\  < const ||«II .
k=0

We refer the reader to Lemma 2.5 of [2] for the proof of this lemma.

Corollary 3.4. Let Q be a domain in C" defined by

{riz) < 0: riz) = 2Rezn + <p(z2,..., z„_2) + |z,|2p}

where tp is real and tp e C°°(Cn~ ).  Then a subelliptic estimate of order j¡¡

holds at z = 0.

Proof. The vector field L = rz d/dzx- rz d/dzn satisfies

ddr(L,L)>C\xx\2p~2.

We get the conclusion by appling Theorem 3.1.
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